Following the paradigm of [30] , we are going to explore the stable transfer factors for Sym n lifting from GL 2 to GL n+1 over any local fields F of characteristic zero with residue characteristic not equal to 2. When F = C we construct an explicit stable transfer factor for any n. When n is odd, we provide a reduction formula, reducing the question to the construction of the stable transfer factors when the L-morphism is the diagonal embedding from GL 2 (C) to finitely many copies of GL 2 (C) under mild assumptions on the residue characteristic of F . With the assumptions on the residue characteristic, the reduction formula works uniformly over any local fields of characteristic zero, except that for p-adic situation we need to exclude the twisted Steinberg representations.
Let G be a connected reductive algebraic group defined over a local field F of characteristic zero. The local reciprocity conjecture of R. Langlands [27] asserts that the L-packets [7, §V] of irreducible admissible representations of G(F ) are parametrized by the admissible homomrphisms from the Weil-Deligne group W F to the L-group L G of G modulo inner automorphisms of G, where G is the dual group of G [7, §III] .
The parametrization, which is usually called the local Langlands correspondence, has been established for several cases. When F is Archimedean it is known for any connected reductive algebraic groups [29] . When F is p-adic, it is known for G = GL n [20] [21] [41] , and quasi-split classical groups [4] [31] .
Langlands also proposed the functorial lifting conjecture [27] which is a corollary of the local Langlands correspondence. Given two connected reductive algebraic groups H and G defined over F and an L-homomorphism [7, §V] ρ : L H → L G, there should exist a natural lifting from the L-packets of H(F ) to those of G(F ) along the morphism ρ. Moreover, the lifting should preserve temperness, i.e. the lifting of tempered L-packets should still be tempered L-packets [4] .
From the work of Harish-Chandra [18] (see also [13] ), it is known that for any irreducible admissible representation π of H(F ), the distribution character tr π is given by a locally integrable function tr π (h) on H(F ), which is locally constant (resp. analytic) on the regular semi-simple locus of H(F ) when F is p-adic (resp. Archimedean). On the other hand, when F is p-adic (resp. Archimedean), for a given a tempered L-packet Π ϕ of H(F ) associated to a tempered L-parameter ϕ : W F → L H (resp. ϕ : W F → L H), it is expected that the formal sum of distribution characters tr Πϕ = π∈Πϕ tr π is a stable distribution [28] on H(F ) (see also [44, §8] and [4] ). Similarly, we have the corresponding tempered L-packet Π ρ•ϕ of G(F ), with an associated stable tempered character tr Πρ•ϕ = π∈Πρ•ϕ tr π on G(F ). In particular, the stable tempered characters tr Πϕ and tr Πρ•ϕ descend to distributions on the Steinberg-Hitchin bases A H and A G respectively [14] , both of which are given by locally integrable functions on A H (F ) and A G (F ) that are locally constant (resp. analytic) on the regular semi-simple locus A H (F ) rss and A G (F ) rss .
Langlands proposed a natural question in [30] : Does there exist a distribution Θ ρ (a H , a G ) on A H (F ) × A G (F ) that yields the lifting for stable tempered characters, i.e.
Langlands [30] analyzed the question when H(F ) is a maximal torus in G(F ) = SL 2 (F ) over any local fields of characteristic zero with residue characteristic not equal to 2 and ρ : L H → L G is the natural embedding [44, §3] . When F is p-adic and H(F ) is an elliptic torus in SL 2 (F ), an elegant formula for Θ ρ was obtained from the pioneer work of I. Gelfand, M. Graev and I. Pyatetski-Shapiro [15] . Later it was generalized by one of the authors [24] in his PhD thesis for the lifting from any unramified maximal elliptic torus H(F ) in SL ℓ (F ) to G(F ) = SL ℓ (F ) under mild assumptions on the residue characteristic of F and character formulas for the associated supercuspidal representations of SL ℓ . Here ℓ is assumed to be a prime.
The purpose of this paper is to find an explicit construction of the stable transfer factors Θ ρ for ρ = Sym n lifting from H = GL 2 to G = GL n+1 over any local field F of characteristic zero. It is worthwhile to mention that this is the first case being investigated so far when both groups are non-abelian. We construct an explicit stable transfer factor Θ ρ for ρ = Sym n with all n when F = C. When n is odd we provide a reduction formula, reducing the construction of Θ ρ to Θ ∆ (n+1)/2 , which is for the case that the L-morphism is the diagonal embedding ∆ (n+1)/2 from GL 2 (C) to (n + 1)/2copies of GL 2 (C). The reduction formula works uniformly over any local fields of characteristic zero under mild assumptions on the residue characteristic, except that when F is p-adic we need to exclude the twisted Steinberg representations of GL 2 (F ).
In order to explain our results, we fix notation and conventions that will be used in the rest of this paper.
Notation and Conventions. Throughout the paper, F is always assumed to be a local field of characteristic zero with residue characteristic not equal to 2. We fix a standard norm | · | on F as follows.
• When F = C, let |z| = (zz) 1/2 for any z ∈ C where z is the complex conjugation of z. Let |z| C = |z| 2 ; • When F = R, | · | is the absolute value norm;
• When F is p-adic, let O F be the ring of integers of F with maximal ideal p F . We fix a generator ̟ of p F . Let ord : F → Z ∪ {∞} be the standard valuation on F satisfying ord(̟) = 1. Let q be the cardinality of the finite field O F /p F . The norm is defined to be |x| = q −ord(x) for any x ∈ F . For any finite extension E of F , the valuation ord and the norm | · | have natural extension to E, and the same notion will be used for E.
Let W F be the Weil-Deligne group of F [45] . When F is Archimedean, W F is the Weil group of F . When F is p-adic, we take W F = W F ×SL 2 (C) and the isomorphism between different forms of W F can be found in [16, §2.1] .
For any n ∈ N, Let GL n be the general linear group scheme defined over Z. Let the center of GL n be Z GL n .
Throughout the paper, the representation π of GL n (F ) under consideration is always tempered, i.e. π is an irreducible unitary representation of GL n (F ) whose matrix coefficients lie in L 2+ǫ (GL n (F )/Z GLn (F )) for any ǫ > 0. Let π ∞ be the space of smooth vectors inside π. Sometimes we will abuse the notation to write π for smooth vectors as well.
For any parabolic subgroup P (F ) of GL n (F ), the parabolic induction functor Ind GLn P is always assumed to be normalized in the sense that it sends (pre-)unitary representations to (pre-)unitary representations.
Let B n (F ) be the standard upper triangular Borel subgroup of GL n (F ) with Levi subgroup given by the diagonal split torus T n (F ).
Define the standard upper triangular parabolic subgroup P n (F ) of GL n (F ) with Levi decomposition P n (F ) = M n (F )N n (F ) as follows,
• when n is even, P n (F ) is the standard parabolic subgroup associated to the partition (2, 2, ..., 2). Then M n (F ) ≃ GL 2 (F ) × ... × GL 2 (F ); • when n is odd, P n (F ) is the standard parabolic subgroup associated to the partition (2, 2, ..., 2, 1).
Let GL n (F ) rss be the set of regular semi-simple elements in GL n (F ).
For any x ∈ GL n (F ) rss , let D GLn (x) = | det(1 − Ad(x)) gln(F )/(gln(F ))x | be the Weyl discriminant of x, where gl n (F ) is the Lie algebra of GL n (F ), and (gl n (F )) x is the centralizer of x in gl n (F ) under the adjoint action Ad of GL n (F ) on gl n (F ).
Main results. The goal of the present paper is to explore the stable transfer factors when H = GL 2 , G = GL n+1 , and ρ is the Sym n lifting from L H ≃ GL 2 (C) to L G ≃ GL n+1 (C).
Before introducing our results, let us mention that for GL n , by Hilbert 90 [43] and the cohomological parametrization of stable conjugacy classes [28] , the concept of stable conjugacy is equivalent to ordinary conjugacy. Therefore the L-packets of GL n are always singleton [44, §1] . It follows that for any (tempered) representation π of GL n (F ), the stable character of π is just the usual distribution character of π.
In Section 2, we establish the following theorem, which says that the functorial image of tempered L-parameters of GL 2 (F ) are almost parallel over any local fields of characteristic zero with residue characteristic not equal to 2. Theorem 1.0.1. For any tempered L-parameter ϕ of GL 2 (F ), the following description for Sym n • ϕ holds.
• When F = C, any tempered L-parameter ϕ :
The same description holds for real (resp. p-adic) field F and ϕ is a reducible tempered L-parameter of W F (resp. W F ).
• When F = R, any irreducible tempered L-parameter ϕ : W F → GL 2 (C) is parametrized by a pair (l, t) ∈ N × iR which is denoted by ϕ (l,t) . Then
Here for any (i, t) ∈ {±1} × C the quasi-character χ i,t of W F = C × ∪ jC × is defined as follows,
• When F is p-adic with residue characteristic not equal to 2, any irreducible tempered L-parameter ϕ :
with the standard representation std of SL 2 (C). Then we have [42] , and θ| F × is unitary. Then
Here we abuse the notation viewing θ as a quasi-character of W F → W ab F ≃ F × via restriction. From Theorem 1.0.1, we observe that except situation (1) in the case when F is p-adic, the description of the functorial lifting of tempered L-parameters of GL 2 (F ) shares strong similarities with each other over any local field F of characteristic zero with residue characteristic not equal to 2. We will explicate more details in Section 2.
Based on [23, §3] [5, §3], we find that except situation (1) in the p-adic case, the tempered representation of GL n+1 (F ) associated to Sym n • ϕ is always parabolic induced from P n+1 (F ). More precisely the following theorem holds. Theorem 1.0.2. Following the notation of Theorem 1.0.1, for any tempered Lparameter ϕ of GL 2 (F ), except situation (1) in the p-adic case, the tempered representation associated to the tempered L-parameter Sym n • ϕ is always of the form Ind
Here the tempered representation π M n+1 of M n+1 (F ) has the following description.
• When F = C and ϕ = χ 1 ⊕ χ 2 ,
The same descriptions holds for any tempered principal series of GL 2 over real and p-adic fields. • When F = R and ϕ = ϕ (l,t) ,
Here for any (l, t) ∈ N × C, π (l,t) is the discrete series representation D l ⊗ | det(·)| t of GL 2 (F ) [26, §2] . For any (i, t) ∈ {±} × C, we abuse the notation, denoting (i, t) for the character of R × given by
where sgn is the sign character of R × .
• When F is p-adic with residue characteristic not equal to 2 and ϕ = Ind W F W E θ,
Here for any k ∈ N, π θ k is the tempered representation of GL 2 (F ) with tempered L-parameter Ind W F W E θ k . In particular, we will see in Section 3 that for a tempered representation π of GL 2 (F ),
• when π is a tempered principal series representation Ind GL 2 B 2 (χ 1 , χ 2 ), the unitary character χ 1 χ 2 is the central character of π;
• when F is real and π = π (l,t) is the discrete series representation D l ⊗| det(·)| t , the unitary character ((−1) l , 2t) is the central character of π; • when F is p-adic with residue characteristic not equal to 2 and π = π θ is a supercuspidal representation, θ| F × is the central character of π. Therefore at least from their formal expressions, we observe that the lifting of tempered representations of GL 2 (F ) shares strong similarities over any local fields of characteristic zero with residue characteristic not equal to 2.
In general, from the character formula of induced representations [46] [25, (10.27)], we only need to determine a distribution Θ M n+1 that gives rise to the lifting of distribution characters from tr π to tr π M n+1 . When n is odd, based on mild assumptions on the residue characteristic of F , from the following theorem we are able to reduce the construction of Θ M n+1 to Θ ∆ (n+1)/2 , where ∆ (n+1)/2 is the L-morphism given by the diagonal embedding from GL 2 (C) to (GL 2 (C)) (n+1)/2 ≃ L M n+1 . More precisely, the following theorem is established in Section 3. Theorem 1.0.3. The following identity for distribution characters holds.
• For any local field F of characteristic zero, fix a tempered principal series representation Ind GL 2 B 2 (χ 1 , χ 2 ) of GL 2 (F ). Then for any k ∈ N, the following equality of locally integrable distributions holds.
• When F = R, let π (l,t) be the discrete series representation of GL 2 (F ) associated to (l, t) ∈ N × C. Then the following equality of locally integrable distributions holds whenever k ∈ N is odd.
• When F is p-adic, let π θ be the supercuspidal representation of GL 2 (F ) associated to an admissible pair (E/F, θ). Then the following equality of locally integrable distributions holds whenever k ∈ N is coprime to (q − 1)q(q + 1).
When k does not satisfy the assumptions stated in Theorem 1.0.3, we also obtain similar results under mild assumptions on the residue characteristic of F . But the formula is not as uniform as the tempered principal series situation. In particular we cannot unify the tempered principal series and discrete series. For details the readers may consult Section 3.
As a corollary, under the assumptions made in Theorem 1.0.3, we are able to reduce the construction of the distribution Θ ρ in (1.0.1) for ρ = Sym n to Θ ∆ (n+1)/2 where ∆ (n+1)/2 is the L-morphism given by the diagonal embedding from GL 2 (C) to L M n+1 . More precisely, we first make the following assumption on the existence of the distribution Θ ∆ (n+1)/2 which gives the identity (1.0.1) for ∆ (n+1)/2 when n is odd. Assumption 1.0.5. There exists an invariant distribution on M n+1 (F ) × GL 2 (F ), which is denoted by Θ ∆ (n+1)/2 , such that the following distributional identity holds
We make a remark that the functoriality associated to the L-morphism ∆ (n+1)/2 is given by the diagonal lifting from π ∈ Irr(GL 2 (F )) to (n+1)/2 k=1 π ∈ Irr(M n+1 (F )), which is quite straightforward. However, proving the existence of an invariant distribution Θ ∆ (n+1)/2 satisfying (1.0.1) seems to be a hard question from analytical point of view. At his point, we decide to take is as an assumption and hope to get back to it in future work.
By straighforward computation, we obtain the following corollary. 
. Then the following distributional identity holds,
• any tempered representations of GL 2 (F ) when F is Archimedean;
• any tempered representations except twisted Steinberg representations of GL 2 (F ) when F is p-adic. and any (m, γ) ∈ M n+1 (F ) rss × GL 2 (F ) rss .
From Θ M n+1 we are able to write down the distribution Θ ρ on GL n+1 (F ) × GL 2 (F ) that gives rise to the identity (1.0.1) where ρ = Sym n . This is done by using the character formula of induced representations [46, Theorem 3] [25, 10.21,10.26] . We can also view Θ ρ as the parabolic induction of the invariant distribution Θ M n+1 from M n+1 (F ) × GL 2 (F ) to GL n+1 (F ) × GL 2 (F ) with explicit formula given in [6, (3.4.2) ].
Here we note that for the Archimedean case, the character formula in [25, 10.26] is not exactly the same as [46, Theorem 3] . But the identity [25, 10.21] and the argument in [46, p.237] imply that the character formula [46, Theorem 3] also holds in the Archimedean case. 
Then the following distributional identity holds for any (g, γ) ∈ GL n+1 (F ) rss × GL 2 (F ) rss ,
• any tempered representations except twisted Steinberg representations of GL 2 (F ) when F is p-adic.
Finally let us note that when F = C there is a much more simplified expression for the distribution Θ ρ with ρ = Sym n that works uniformly for any n. Note that when F = C any tempered representations of GL 2 (F ) are tempered principal series, and their functorial lifting are also tempered principal series of GL n+1 (F ). In particular their distribution characters are determined by their induced datum on the maximal split torus. Therefore the following result is not hard to derive.
as follows. It is invariant under the conjugation action of GL n+1 (F ) × GL 2 (F ), and its value on the diagonal maximal split torus is given by
) is a diagonal regular semi-simple element in GL n+1 (F ) (resp. GL 2 (F )), δ * ( * ) is the delta distribution, and S n+1 is the permutation group in (n + 1) letters {1, ..., n + 1}. Then the following distributional identity holds
Note that actually the distribution (1.0.2) works for tempered principal series of GL 2 (F ) over any local field F of characteristic zero. Acknowledgement. Z. Luo would like to thank his advisor D. Jiang for reading the manuscript carefully with helpful feedback, and continued encouragement. The work of Z. Luo is supported in part through NSF Grant: DMS-1901802 of D. Jiang.
Functorial image
In this section, following [26] and [9, §8] , we are going to review the local Langlands correspondence for GL 2 (F ) where F is any local field of characteristic zero with residue characteristic not equal to 2. We also calculate the functorial images of tempered Langlands parameters of GL 2 (F ) along ρ = Sym n . We are going to see that the functorial images of tempered Langlands parameters share strong similarities over any local field F of characteristic zero with residue characteristic not equal to 2. In particular we establish Theorem 1.0.1 and Theorem 1.0.2 in this section.
The set of equivalence classes of irreducible admissible representations of GL 2 (F ) is parametrized by the equivalence classes of 2-dimensional semi-simple complex representations of W F . More precisely, for any 2-dimensional semi-simple complex representation ϕ of W F , up to equivalence ϕ is the direct sum of two quasi-characters
. The representation has a unique irreducible quotient which we denote by J(χ 1 , χ 2 ). The construction exhausts all the irreducible admissible representations of GL 2 (F ), and the correspondence ϕ = χ 1 ⊕ χ 2 ↔ J(χ 1 , χ 2 ) gives us the desired bijective parametrization.
From [5, §3] the tempered representations of GL 2 (F ) are parametrized by the unitary characters χ 1 , χ 2 of F × , and they are given by the fully induced principal series representations Ind GL 2 B 2 (χ 1 , χ 2 ). Similar results hold for GL n (F ) as well. It follows that we can draw the following conclusion about the functorial image of Ind GL 2 B 2 (χ 1 , χ 2 ) along ρ = Sym n . Lemma 2.1.1. Given a tempered principal series representation Ind GL 2 B 2 (χ 1 , χ 2 ) of GL 2 (F ), its functorial image along ρ = Sym n is given by the following fully induced tempered principal series representation of GL n+1 (F )
For later purpose, using parabolic induction by stages, we will also write the functorial image as follows. We recall the standard parabolic subgroup P n+1 (F ) = M n+1 (F )N n+1 (F ) introduced in the introduction. Consider the following representation on the Levi factor M n+1 (F )
Following the explicit description of tempered representations of GL n (F ) over any local field F of characteristic zero [23, §3] [5, §3], we immediately realize that the same description in Remark 2.1.2 holds for any tempered principal series representations of GL 2 (F ) over any local field F of characteristic zero.
Real case. Let F = R. The Weil group W F can be identified with the following non-split extension of C × ,
Any finite-dimensional semi-simple representations of W F are completely reducible, and the irreducible ones are either 1 or 2 dimensional. In the following we are going to have a quick review for the irreducible semi-simple representations of W F .
• The set of equivalence classes of 1-dimensional representations of W F is parametrized by the set {±1} × C. More precisely, for any (i, t) ∈ {±1} × C, it is associated to the following quasi-character χ of W F ,
For convenience we will denote i by the sign ± and use the same notation (i, t) to denote the associated quasi-character. • The set of equivalence classes of 2-dimensional irreducible semi-simple representations of W F is parametrized by the set N × C. They admit the following description [26, 3.3] . For any ϕ = ϕ (l,t) an irreducible 2-dimensional representation of W F parametrized by (l, t) ∈ N × C, there exists an ordered basis {v 1 , v 2 } of ϕ such that we have the following matrix presentation
Remark 2.1.4. We point out a small typo appearing in [26, 3.3] . In [26, 3.3] , when ϕ is associated to (l, t) ∈ N × C, the restriction of ϕ to C × has the following matrix presentation under the ordered basis {v 1 , v 2 } described above
is the quasicharacter of W F sending z ∈ C × to |z| 2t and j to 1. It turns out that the irreducible admissible representation of GL 2 (R) associated to ϕ (l,0) ⊗ (0, 2t) should be D l ⊗ | det(·)| 2t if we follow the usual compatibility of local Langlands correspondence for GL 2 (R) with unramified twist, which is not D l ⊗ | det(·)| t as claimed in [26, 3.3] . Therefore we arrive at a contradiction. For a more precise reference, we refer to [35, §1, Proposition 2] and [40, §3.1], where in the latter reference, the author switches t to 2t uniformly for the L-parameters of quasi-characters, which is actually equivalent to our notation.
The set of equivalence classes of irreducible admissible representations of GL 2 (F ) is parametrized by the set of equivalence classes of 2-dimensional semi-simple complex representations of W F . More precisely, for any 2-dimensional semi-simple complex representation ϕ of W F , the following description for the associated irreducible admissible representations of GL 2 (F ) holds.
• When ϕ is reducible, ϕ is the direct sum of two quasi-characters χ 1 and
Parallel to the complex situation, it has a unique irreducible quotient which is denoted as J(χ 1 , χ 2 ); • when ϕ is irreducible with parameter (l, t) ∈ N × C, it is associated to the discrete series representation
It follows that we can draw the following conclusion about the functorial image of D l ⊗ | det(·)| t along ρ = Sym n . For notational convenience, we write the discrete series representation of GL 2 (F ) with parameter (l, t) ∈ N × C as π (l,t) , and use the same notation (i, t) to denote the quasi-character of GL 1 (F ) with parameter (i, t) ∈ {±1} × C. We may assume that t ∈ iR where by abuse of notation i is the imaginary number satisfying i 2 = −1 as we only concern about the tempered representations of GL 2 (F ). Lemma 2.1.5. The functorial image along ρ = Sym n of π (l,t) is of the following form,
Proof. We compute the representation Sym n • ϕ explicitly with ϕ = ϕ (l,t) . Under the ordered basis {v 1 , v 2 }, we have the following matrix presentations,
After composing with Sym n ,
It follows that the following description for Sym n • ϕ (l,t) holds,
Here for any (i, t) ∈ {±1} × C, the quasi-character χ i,t of W F is defined as follows,
From [5, §3] the associated irreducible admissible representation for Sym n • ϕ (l,t) is fully induced, which is exactly of the form described in the statement.
Remark 2.1.6. Comparing Lemma 2.1.5 with Remark 2.1.2, we find that the functorial lifting for tempered principal series and discrete series share strong similarities with each other. More precisely, as is shown in [30, 2.19 ] (which follows from the character table in [25] ), for any l ≥ 1 the discrete series representation D l of GL 2 (F ) has central character ((−1) l , 0), therefore the central character of D l ⊗ | det(·)| t evaluating at t ∈ F × ֒→ t t is the same as the character ((−1) l , 2t) evaluating at t ∈ F × .
When n is even, for any 1 ≤ k ≤ n/2, the character (χ 1 χ 2 ) (n−2k)/2 is exactly (n/2 − k)-th power of the central character of
and ((−1) l(n/2−k) , (n−2k)t) is also (n/2−k)-th power of the central character of π (l,t) evaluated at t ∈ F × ֒→ t t . Parallel results hold for the case when n is odd.
2.2. p-adic case. Let F be a p-adic field with residue characteristic not equal to 2. We recall the local Langlands correspondence for GL 2 (F ) following [9, §8] , which says that there is a canonical bijection between the set of equivalence classes of irreducible smooth representations of GL 2 (F ) and the set of equivalence classes of 2-dimensional representations of W F whose restriction to SL 2 (C) is algebraic and the restriction to W F is continuous with Frobenius semi-simple image (see [16, §2.1] for the isomorphism between W F and the Weil-Deligne group introduced in [9, §7]).
More precisely, given a 2-dimensional representation ϕ of W F satisfying the above descriptions, the following local Langlands correspondence for GL 2 (F ) holds.
• When ϕ is irreducible and ϕ| SL 2 (C) is trivial, ϕ is associated to a supercuspidal representation of GL 2 (F ); • When ϕ is the tensor product of a quasi-character χ of W F and the standard representation of SL 2 (C), ϕ is associated to the twisted Steinberg representation χ ⊗ St 2 of GL 2 (F ), where χ can be identified with a quasi-character of F × via W ab F ≃ F × [42] , and St 2 is the unique sub-representation appearing in the principal series representation Ind GL 2
χ| · | 1/2 and χ 2 = χ| · | −1/2 , and ϕ| SL 2 (C) is trivial, ϕ is associated to the 1-dimensional quasi-character χ of GL 2 (F ).
We will focus on the tempered representations [23] of GL 2 (F ). In particular, the quasi-characters appearing in the above parametrization are always taken to be unitary, and we will not consider the 1-dimensional representations of GL 2 (F ). It turns out that the functorial lifting along ρ = Sym n of tempered principal series representations of GL 2 (F ) have the same description as in Lemma 2.1.1, and the functorial lifting of the twisted Steinberg representation with unitary character χ, which is denoted as χ ⊗ St 2 , is given by the twisted Steinberg representation χ n ⊗ St n+1 , where St n+1 is the unique sub-representation of Ind
Finally the functorial lifting of the supercuspidal representations of GL 2 (F ) admits the following description. More precisely, the supercuspidal representations of GL 2 (F ) are parametrized by the admissible pairs (E/F, θ) defined in [9, 18.2] , where E is a quadratic extension of F , and θ is an admissible character of E × . We denote the associated supercuspidal representation by π θ . Then the Langlands parameter ϕ for π θ is of the form
where W E is the Weil group of E. From the isomorphism W ab E ≃ E × [42] the quasicharacter θ of E × can be identified with a quasi-character of W E . Let the associated quotient map be a E : W E → W ab E ≃ E × . For notational convenience, when θ is not an admissible character of E × , we will still denote by π θ the irreducible admissible representation of GL 2 (F ) associated to the Langlands parameter
Then the following description for the functorial image of π θ along Sym n holds.
The functorial image along ρ = Sym n of π θ is of the following form,
if n is odd. Here when taking tensor product we abuse the notation viewing θ as a quasi-character of F × via restriction.
Proof. The Langlands parameter ϕ = Ind W F W E θ admits the following description. We fix an element λ ∈ W F \W E such that λ 2 = λ E ∈ W E . Then ϕ has an ordered basis {v 1 , v 2 }, where v 1 is the function on W F defined by v 1 (1) = 1 and v 1 ( λ) = 0, and v 2 is the function on W F defined by v 2 (1) = 0 and v 2 ( λ) = 1. Under the ordered basis, ϕ has the following matrix presentation,
Therefore after composing with Sym n ,
It follows that the following description for the representation Sym n • ϕ holds.
• When n is odd, for any integer 0 ≤ k ≤ n−1 2 , we consider the following representation ϕ k of W F ,
.
Here we notice that under the ordered basis {v k 1 , v k 2 } given by v k
• When n is even, we consider the following quasi-character of W F ,
Then Sym n • ϕ = n/2 k=0 ϕ k χ. We refine the description for χ as follows. Recall the following commutative diagram from local class field theory [42] 
It turns out that as a quasi-character of F × , χ is actually equal to the restriction of (θ) n/2 to F × . More precisely, after composing with a F the quasi-character (θ) n/2 of F × can be viewed as a quasi-character of W F . From the commutativity of the diagram, for any w e ∈ W E , (θ) n/2 • a F (w e ) = (θ) n/2 (N E/F • (a E (w e ))) =(θ) n/2 • a E (w e )(θ λ ) n/2 • (a E (w e )) = χ(w e ), and χ( λ) = (θ) n/2 • a E (λ E ) = (θ n/2 )(N E/F • a E (λ E )) = (θ) n/2 • a F ( λ).
Therefore χ = (θ) n/2 as a quasi-character of F × . Now we make the following observation. For any pair of non-negative integers (a, b) with a + b = n and a > b ≥ 0,
The quasi-character θθ λ is invariant under the action of Gal(E/F ), and it can be written as θ • N E/F where we abuse the notation viewing θ as a quasi-character of F × via restriction. Therefore from [9, 34.4 ] the following isomorphism holds
Here again when taking tensor product we view θ as a quasi-character of F × via restriction. Therefore the following description holds
From [23, §3] the associated irreducible admissible representation for Sym n • ϕ is fully induced, which is exactly the one appearing in the statement. 
where 1 is denoted as the trivial representation of W E . In particular, the representation Ind W F W E 1 can be written as the direct sum of two characters of W F , 1 ⊕ sgn E/F , where sgn E/F is the quadratic character of F × associated to E. Therefore the irreducible admissible representation of GL 2 (F ) associated to Ind W F W E θ is the irreducible principal series representation
Stable transfer
In this section, we are going to establish Theorem 1.0.3, which is the main result of the paper. From Theorem 1.0.3 the construction of the invariant distribution Θ ρ claimed in Corollary 1.0.7 and Theorem 1.0.8 are not hard to derive following the discussion in the introduction. We divide the proof into three parts, depending on whether the tempered representations are principal series, discrete series in the real case, or supercuspidal representations in the p-adic case.
3.1. Principal series. In this section we treat the tempered principal series representations.
Explicit formula. Let F be any local field of characteristic zero. For any two unitary characters χ 1 , χ 2 of F × , let π = Ind GL 2 B 2 (χ 1 , χ 2 ) be the tempered principal series representation of GL 2 (F ). From Lemma 2.1.1, the lifting along ρ = Sym n of π from GL 2 (F ) to GL n+1 (F ), which is denoted as Π, is isomorphic to the induced representation Ind GL n+1 B n+1 (χ n 1 , χ n−1 1 χ 2 , ..., χ n 2 ). From the character formula for fully induced representations [46, Theorem 3] [25, (10.27)], both tr π and tr Π are determined by their restrictions on T 2 (F ) rss and T n+1 (F ) rss , and the explicit formulas are given as follows,
Here S n is the permutation group of the set {1, 2, ..., n}. On the other hand, the following identity holds,
It follows from straightforward computation that the distribution Θ ρ defined in Theorem 1.0.8 yields the distributional identity for any π a tempered principal series of GL 2 (F ).
To make a brief summary, we recall the statement of Theorem 1.0.8 in the following.
Theorem 3.1.1. Define the distribution Θ ρ on GL n+1 (F ) rss × GL 2 (F ) rss as follows. It is invariant under the conjugation action of GL n+1 (F ) × GL 2 (F ), and its formula on the diagonal maximal split torus is given by
where T = (T 1 , ..., T n+1 ) (resp. t = (t 1 , t 2 )) is a diagonal regular semi-simple element in GL n+1 (F ) (resp. GL 2 (F )), δ * ( * ) is the delta distribution, and S n+1 is the permutation group of the set {1, ..., n + 1}. Then the following distributional identity holds
for any (g, γ) ∈ GL n+1 (F ) rss × GL 2 (F ) rss .
We note that Θ ρ can also be viewed as the parabolic induction of the distribution (3.1.1) from T n+1 (F ) × T 2 (F ) to GL n+1 (F ) × GL 2 (F ) following the notation in [6, (3.4.2) ].
Reduction formula. On the other hand, as we have already seen in the introduction, with the character formula for fully induced representations [46, Theorem 3] [25, (10.27) ], for any tempered representation π of GL 2 (F ), if we denote the lifting of π along ρ = Sym n by Π, except the twisted Steinberg representations when F is a p-adic field, the character of Π is always supported on the GL n+1 (F )-conjugacy classes of regular semi-simple elements in M n+1 (F ), which in turn is determined by the character formula of π M n+1 . Therefore we may first determine the stable transfer factor from any tempered representation π of GL 2 (F ) to π n+1 of M n+1 (F ).
From Remark 2.1.2 and 2.1.3, we have
On the other hand, the character of π is supported on the GL 2 (F )-conjugacy classes of the maximal split torus T 2 (F ) inside GL 2 (F ) given by
It follows that for any positive integer k ∈ N,
Since both sides of the equality are invariant under the conjugation action of GL 2 (F ), the desired distributional equality claimed in Theorem 1.0.3 holds,
It can happen that for some element g ∈ GL 2 (F ) rss which does not lie in the GL 2 (F )-conjugacy class of T 2 (F ), g k lies in T 2 (F ) rss for some k. A typical example is when k = 2 and F = R. Let g =
. Then g 2 = 0 1 1 0 is diagonalizable over R with eigenvalues 1 and −1. But it won't affect the distribution that we are considering. This is because these elements have measure zero in GL 2 (F ) rss since up to conjugation g k lies in the intersection of the GL 2 (F )-conjugacy classes of split torus T 2 (F ) and the elliptic toruses, whose GL 2 (F )-conjugacy classes have measure zero through comparing their eigenvalues. The same discussion applies to other cases below.
It follows from straightforward computation that the distribution Θ M n+1 constructed in Corollary 1.0.6 based on Assumption 1.0.5 yields the lifting of the distribution character of π to that of π M n+1 for any π a tempered principal series.
Theorem 3.1.3. When n is odd, define the distribution Θ M n+1 as follows. For any element (g 1 , ..., g (n+1)/2 ) ∈ GL 2 (F ) × ...GL 2 (F ) rss and h ∈ GL 2 (F ) rss , let Θ M n+1 ((g 1 , . .., g (n+1)/2 ), h) = Θ ∆ (n+1)/2 (det(g 1 ) (n−1)/2 · g 1 , det(g 2 ) (n−3)/2 · g 2 , ..., det(g (n+1)/2 ) · g (n−1)/2 , g (n+1)/2 , h).
Then the following distributional identity holds
for any tempered principal series π of GL 2 (F ).
Remark 3.1.4. There is a similar formula when n is even that is also straightfoward to see. More precisely, for any element (g 1 , ..., g n/2 , a) ∈ GL 2 (F ) rss ×... ×GL 2 (F ) rss × GL 1 (F ) and h ∈ GL 2 (F ), let Θ M n+1 ((g 1 , . .., g n/2 , a), h) =Θ ∆ n/2 (a · det(g 1 ) (n−2)/2 · g 2 2 , a · det(g 1 ) (n−4)/2 · g 4 2 , ..., a · g 2n 2 , h). Here parallel to Assumption 1.0.5, Θ ∆ n/2 is assumed to be the distribution giving rise to the identity (1.0.1) for the L-morphism given by the diagonal embedding GL 2 (C) → (GL 2 (C)) n/2 . Then the following distributional identity holds ((g 1 , . .., g n/2 , a))tr π M n+1 ((g 1 , ..., g n/2 , a)) ((g 1 , . .., g n/2 , a), h)D 1/2 GL 2 (h)tr π (h).
Unfortunately, the formula for Θ M n+1 only works for tempered principal series. More precisely, as we will see in later sections, for discrete series representations when F = R or supercuspidal representations when F is p-adic, one needs slight modifications for Θ M n+1 , which in particular does not give us a uniform formula for both tempered principal series representations and discrete series representations.
Discrete series representations: Real case.
Let F = R. For any (l, t) ∈ N × C, let π = π (l,t) be the discrete series representation D l ⊗ | det(·)| t R of GL 2 (F ). From Lemma 2.1.5,
if n is odd.
Similar to the situation of tempered principal series, for any k ∈ N, we are going to find the relation between the distribution characters of π (l,t) and π (kl,kt) . We first recall the character formula for discrete series representation D l of GL 2 . Following [26, §2] , let SL ± 2 (F ) be the subgroup of GL 2 (F ) consisting of elements with determinant {±1}. Let D + l be the holomorphic discrete series representation of SL 2 (F ). As a representation of SL ± 2 (F ),
The restriction of D l to SL 2 (F ) decomposes as the direct sum of the holomorphic discrete series D + l and the anti-holomorphic discrete series D − l . From [30, 2.19 ] (or [25, Corollary 10.13]) the following character formula holds for D l when restricted to SL 2 (F ),
On the other hand, any elements in SL ± 2 (F ) with negative determinant interchange D + l and D − l . Therefore elements with negative determinant have trace zero. It follows that when viewing D l as a representation of GL 2 (F ), the distribution character of D l is supported only on elements with positive determinant, which also has trivial central character, and its value on SL 2 (F ) is given as above.
Therefore for any k ∈ N, GL 2 ((s(θ)) k )tr D l ((s(θ)) k ). Again both sides are invariant under the conjugation action of GL 2 (F ), hence the following distributional identity holds for any k ∈ N and g ∈ GL 2 (F ) rss ,
when k is odd, D 1/2
, when k is even.
Here sgn is the sign character of F × . when k is even is that, when det g is negative, tr D kl (g) is equal to 0, but g k has positive determinant, which in particular implies that tr D l (g k ) is nonzero.
Combing with Remark 2.1.6 concerning the central characters appearing in π M n+1 , for any π a discrete series representation of GL 2 (F ), the parallel formula appearing in Theorem 3.1.3 yields the lifting of the distribution character from π to π M n+1 . Theorem 3.2.2. When n is odd, for any element (g 1 , ..., g (n+1)/2 ) ∈ GL 2 (F ) rss × ... × GL 2 (F ) rss and h ∈ GL 2 (F ) rss , recall the distribution Θ M n+1 defined in Theorem 3.1.1. Then the following distributional identity holds
for π a tempered discrete series representation of GL 2 (F ). In particular, when n is odd, we obtain a uniform formula giving rise to the lifting of distribution characters of tempered representations of GL 2 (F ) to M n+1 (F ).
Remark 3.2.3. When n is even, by straightforward computation, for any element (g 1 , ..., g n/2 , a) ∈ GL 2 (F ) rss × ... × GL 2 (F ) rss × GL 1 (F ) and h ∈ GL 2 (F ) rss , let
where the distribution Θ M n+1 is defined in Remark 3.1.4, then the following distributional identity holds, ((g 1 , . .., g n/2 , a))tr π M n+1 ((g 1 , ..., g n/2 , a))
for π a tempered discrete series representation of GL 2 (F ). Unfortunately Θ M n+1 D = Θ M n+1 unless we restrict g i to Z GL 2 (F )SL 2 (F ) for any 1 ≤ i ≤ n/2.
Supercuspidal representations.
Let F be a p-adic field with residue characteristic not equal to 2. We are going to explore the parallel phenomenon for supercuspidal representations of GL 2 (F ).
As we have seen from the discussion of Section 3.1 and Section 3.2, for a supercuspidal representation π θ of GL 2 (F ) associated to an admissible pair (E/F, θ), the key point is to explore the relation between the distribution characters of π θ and π θ k for any k ∈ N. The main goal of the present section is to establish Theorem 1.0.3 for the case when π is a supercuspidal representation of GL 2 (F ).
We first review some basics about the group GL 2 (F ). Since we assume that p = 2, every maximal elliptic torus in GL 2 (F ) is always tamely ramified. Let µ F ⊂ O × F be the set of roots of unity lying within F with generator ǫ = ǫ F . Then the set of GL 2 (F )-conjugacy classes of maximal toruses in GL 2 (F ) is parametrized by the set Q F = {1, ǫ, ̟, ǫ̟}. Any quadraticétale algebra
for some α ∈ Q F with α = 1, or E 1 = F ×F . For any α ∈ Q F , there exists a maximal torus T Eα ⊂ GL 2 (F ) such that T Eα ≃ Res Eα/F GL 1 . We may pick up the following representative for T Eα with explicit matrix presentation described as follows. Set
for α = 1, and
The matrix presentation ensures that the maximal compact subgroup of T Eα (F ) is contained in GL 2 (O F ) for any α ∈ Q F . We can verify by definition that the trace map Tr Eα/F and norm map N Eα/F on T Eα ≃ E × α can be identified with the trace and determinant map on GL 2 (F ) restricted to the maximal torus T Eα .
Then we are going to recall the notion of depth defined for elements and representations of GL 2 (F ) (which are actually defined for more general reductive p-adic groups). Let B(GL 2 , F ) be the Bruhat-Tits building of GL 2 (F ) defined in [8, 7.4] . By [32] [33] there exists for each x ∈ B(GL 2 , F ) a decreasing filtration {(GL 2 ) x,r } r∈R ≥0 of compact open subgroups of GL 2 (F ). The following definition is standard.
It turns out that there is a more refined notion of depth recalled below, in the sense that it takes the center of the group into account. The definition has already shown in [2, Definition 3.5] and [12] . Note that in [12, §5.3] , d + (γ) is denoted by n(γ). For any α ∈ Q F a point x α ∈ B(GL 2 , F ) can be fixed. Following [12, p.33 ] the decreasing filtration {(GL 2 ) x,r } r∈R ≥0 gives a natural filtration on T Eα (F ). Such points are known to exist by [1] . We will use the specific choices which appear in [2, §5.1]. For ǫ, 1 ∈ Q F , set x ǫ = x 1 , both of which are denoted as x 0 . The associated filtrations are defined via (GL 2 ) x 0 ,0 = GL 2 (O F ) and
for r > 0. For α ∈ {̟, ǫ̟}, denote x α by x I (where I means "Iwahori"). Then the associated filtrations are defined by
We also recall the notion of depth for representations. From [33] , for any admissible representation (π, V π ) of GL 2 (F ) there exists a unique non-negative real number d(π) ∈ R ≥0 that is minimal with the property that there exists x ∈ B(G, F ) such that V (GL 2 ) x,d(π) + (F ) π = {0}. The number d(π) is called the depth of π. For an F -torus T and θ a quasi-character of T (F ) the concept of depth for θ can also be introduced. We recall that d(θ) ∈ R ≥0 is the smallest number for which θ| T d(θ) + (F ) is trivial but θ| T d(θ) (F ) is non-trivial. Using the isomorphism T Eα ≃ E × α the notion of depth for any quasi-characters of E × α can also be introduced. Now we briefly recall the construction of supercuspidal representations of GL 2 (F ) which first appeared in [22] . For a tamely ramified quadratic extension E/F , a quasi-character θ of E × is called admissible if the following properties hold.
• θ does not factor through N E/F ;
It is shown in [22] that for an admissible pair (E/F, θ) one can assign a supercuspidal representation π θ of GL 2 (F ). From [9] the supercuspidal representation π θ has Langlands parameter Ind W F W E θ. We establish the following lemma which is not hard to derive. Note that in the following we always assume that n is coprime to (q − 1)q(q + 1). Proof. We first treat the case when E/F is unramified. Then (E/F, θ) is admissible if and only if θ λ = θ for the nontrivial involution λ ∈ Gal(E/F ). It turns out that we only need to show (θ n ) λ = θ n . To do so, we establish the following fact. The only if part is immediate. We show the if part. If θ| ker N E/F is trivial, then from the short exact sequence
we get the dual short exact sequence for their dual groups
Since θ| ker N E/F is trivial, it comes from some quasi-character φ of N E/F (E × ), i.e. θ = φ • N E/F . But from the short exact sequence
we have the following short exact sequence for their dual groups
In particular any quasi-character of N E/F (E × ) lifts to a quasi-character of F × . Therefore we may assume that φ is a quasi-character of F × . Hence θ is not admissible.
It turns out that we only need to show that whenever θ| ker N E/F = 1, we also have θ n | ker N E/F = 1. Using the identification
But we have already assumed that n is coprime to (q − 1)q(q + 1), therefore raising to the n-th power gives an automorphism of the dual group of µ E × (1 + p E ). Hence θ n | ker N E/F = 1 and therefore the quasi-character θ n is also admissible.
Then we treat the case when E/F is ramified. By definition θ is admissible if and only if θ| 1+p E = θ λ | 1+p E . Again using the fact that n is coprime to (q − 1)q(q + 1), taking n-th power gives an automorphism of the dual group of 1 + p E . Therefore θ n | 1+p E = (θ n ) λ | 1+p E . It follows that the quasi-character θ n is also admissible.
Finally we are going to establish the equality d(θ) = d(θ n ). When d(θ) = 0, θ is the inflation of a nontrivial character of the finite field (O E /p E ) × , which, since n is coprime to (q − 1)q(q + 1), remains nontrivial after taking n-th power. Therefore d(θ n ) = 0 as well.
When d(θ) > 0, raising to n-th power gives an automorphism of the dual group of (1 + p E ). Therefore d(θ n ) = d(θ).
It follows that we have established the lemma.
In particular π θ n is a supercuspidal representation of GL 2 (F ) with d(θ) = d(θ n ). It turns out that there is a more general construction of tame supercuspidal representations for reductive p-adic groups [47] . [17, §3.5] shows that the more general constructions in [47] agree with the earlier work in [22] . From [47, Remark 3.6] the equality d(π θ ) = d(θ) holds for any admissible pair (E/F, θ). In general, for supercuspidal representation π θ of positive depth d(π θ ) = r > 0, following [12, p.35 ] π θ is compactly induced and is of the form
where ρ θ is an irreducible representation of T Eα (GL 2 ) α,r/2 defined as follows.
• If gl xα,r/2 = gl xα,(r/2) + , then
From [12, Lemma 3.2.1], T Eα normalizes (GL 2 ) xα,t for any appropriate t, hence the representation ρ θ is well-defined. • If gl xα,r/2 = gl xα,(r/2) + , let r θ be the only irreducible component that occurs dim(r θ ) times inside Ind Z GL 2 (F )T Eα,0 + (GL 2 ) xα,(r/2) Z GL 2 (F )T Eα,0 + (GL 2 ) xα,(r/2) + θ. The representation r θ can be extended to an irreducible representation ρ θ of T Eα (GL 2 ) xα,r/2 . Here we note that the torus T Eα , which normalizes the group (GL 2 ) α,r/2 , might not be exactly the same as the explicit presentation introduced before. For more details one may consult [12, p.34] .
For those representations π θ of depth zero, they are compact induction from the inflation to GL 2 (O F ) of cuspidal Deligne-Lusztig representations of GL 2 (O F /p F ) [12, p.34] .
We establish the following lemma, which will be used in subsequent. Proof. From [11, p.29 ] the following identity holds
where α ∈ Q F satisfies E α = E and r = d(θ). Since d(θ) = d(θ n ) and deg(ρ θ ) = dim(ρ θ ) with suitably chosen measure, we only need to show the identity dim(ρ θ ) = dim(ρ θ n ). But from [12, p.35 ] the following identity holds
Therefore dim(ρ θ ) also depends only on the depth r = d(θ). It follows that dim(ρ θ n ) = dim(ρ θ ) and we have completed the proof of the lemma. Now we are ready to state our main result, which is parallel to the Archimedean case in Section 3.2. Theorem 3.3.5. Assume that n and (q − 1)q(q + 1) are coprime. Then the following distributional identity holds, D GL 2 (γ) 1/2 tr π θ n (γ) = D GL 2 (γ n ) 1/2 tr π θ (γ n ), γ ∈ GL 2 (F ) rss .
From the character tables in [12, Theorem 5.3.2] and [12, Theorem 5.4.1], for an admissible pair (E α /F, θ) with α ∈ Q F \{1}, the distribution character of the supercuspidal representation π θ is supported on the GL 2 (F )-conjugacy classes of (GL 2 ) xα,0 . Therefore we only need to establish Theorem 3.3.5 for those elements γ ∈ (GL 2 ) xα,0 that are regular semi-simple.
We note the following fact.
Lemma 3.3.6. For γ ∈ (GL 2 ) rss xα,0 , the following equality holds,
Proof. We first treat the case that γ is diagonal. Up to the action of Z GL 2 (F ) we may assume that γ = diag(1, a) for some a ∈ O × F . Note that from [12, Lemma 3.2.1] the natural filtration on the diagonal split torus coincides with the filtration induced from {(GL 2 ) x 0 ,r } r≥0 .
By direct computation,
On the other hand, by definition d + (γ) = ord(a − 1). Therefore
We note that if a ∈ O × F \1 + p F , then a n ∈ O × F \1 + p F since n is coprime to (q − 1)q(q + 1). Therefore |a − 1| = |a n − 1|. On the other hand, if a ∈ 1 + p k F \1 + p k+1 F for some k ∈ N, then a n ∈ 1+p k F \1+p k+1 F as well since n is coprime to (q −1)q(q +1). It follows that D GL 2 (γ n ) = D GL 2 (γ).
For γ non-split, we note that both D GL 2 (·) and d + (·) are invariant under (quadratic) field extension [3, Lemma 3.7] . It follows that we can reduce the question to the situation that γ is split since for γ non-split it always splits over a quadratic extension. In particular the identities D GL 2 (γ) = q −2d + (γ) and d + (γ n ) = d + (γ) holds identically since n is coprime to (q − 1)q(q + 1). Here we note that the residue field of a quadratic extension of E might have cardinality q 2 − 1 = (q − 1)(q + 1).
Therefore we only need to establish the relation between tr π θ and tr π θ n . We divide the proof into two cases, depending on the depth of the supercuspidal representations.
Depth zero case. We prove Theorem 3.3.5 for π of depth zero.
We first recall the following theorem proved by C. Rader and A. Silberger [36] , which generalized the result of Harish-Chandra [19] . Theorem 3.3.7. Let G be a connected reductive algebraic group defined over a p-adic field F with split center A G . For any square-integrable representation π of G(F ),
Here φ is a nonzero K-finite matrix coefficient of π, dg * is a G(F )-invariant measure on G(F )/A G (F ), dk is the normalized Haar measure of a compact open subgroup K in G, and gk γ = gkγ(gk) −1 .
It turns out that there is an explicit construction of matrix coefficients for any supercuspidal representations of GL 2 (F ) related to the construction of supercuspidal representations as shown in [39, Theorem 1.9].
Following the notation from the explicit construction of supercuspidal representations mentioned above, let χ ρ θ be the character of ρ θ . From [39, Theorem 1.9] the following function defined on GL 2 (F ),
is a matrix coefficient for π θ . This is exactly the matrix coefficient that we are going to use in Theorem 3.3.7. Now we plug the matrix coefficientχ ρ θ into Theorem 3.3.7 and we obtain that the distribution character is of the following form
Combining with Lemma 3.3.4, we only need to establish the following lemma.
Lemma 3.3.8. For a supercuspidal representation π θ of depth zero,χ θ (γ n ) =χ θ n (γ) for any γ ∈ T E (GL 2 ) x,r/2 = T E (GL 2 ) x,0 that is regular semi-simple.
Proof. When π θ has depth zero, the character χ θ is the inflation of the Deligne-Lusztig characters of a cuspidal representation of GL 2 (O F /p F ) and E is necessarily unramified, i.e. E = E ǫ [12, p.34] . From [10] , on the regular semi-simple locus of GL 2 (O F /p F ), the character χ θ is only supported on the conjugacy classes of elliptic torus that is associated to E, and vanishes otherwise. More precisely, the following character formula for χ θ (γ) holds, χ θ (γ) = w∈W (GLn,T E ) θ(w · γ), γ ∈ T E,0 (GL 2 ) x 0 ,0 + up to (GL 2 ) x 0 ,0 -conjugacy, 0, otherwise.
Here γ is the reduction of γ modulo (GL 2 ) x 0 ,+ . Using the fact that T E,0 normalizes (GL 2 ) x 0 ,0 + [12, Lemma 3.2.1], the identity χ θ n (γ) = χ θ (γ n ) holds.
It follows that we have established Theorem 3.3.5 for supercuspidal representations of depth zero. Positive depth case. We prove Theorem 3.3.5 for π of positive depth.
We only need to establish the following proposition.
Proposition 3.3.9. Let π θ be a supercuspidal representation of positive depth, then the following distributional identity holds, tr π θ n (γ) = tr π θ (γ n ), γ ∈ (GL 2 ) rss xα,0 .
Proof. We will use the character tr π θ n (γ) deg(π θ n ) = tr π θ (γ n ) deg(π θ ) , γ ∈ (GL 2 ) rss xα,0 .
To prove (3.3.3), we divide the proof to the situations depending on the depth of γ ∈ (GL 2 ) xα,0 . We recall that from Lemma 3.3.6 we have d + (γ n ) = d + (γ). Note that in [12] , the depth d + (γ) is denoted as n(γ).
When d + (γ) = n(γ) = 0, we look at the first row of the table showing in [12, Lemma 5.3.8]. Since d + (γ n ) = d + (γ), and d(π θ n ) = d(θ n ) = d(θ) = d(π θ ), combining with Lemma 3.3.4, we only need to show the equality λ(ρ θ ) = λ(ρ θ n ) following the notation in [ When d + (γ) = n(γ) > 0, we look at the second and third rows of the table showing in [12, Theorem 5.3.2]. Following the notation in [12, Theorem 5.3.2] which we will explain in subsequent, we only need to establish the following facts, (1) |η(X π θ )| = |η(X π θ n )|, where η is the Weyl discriminant introduced in [12, §4.1] and X π θ is introduced in [12, p.35]; (2) γ(X π θ n , w Y ) = γ(X π θ , w [(1 + Y ) n − 1]) for any w ∈ W and Y ∈ g ′ n(γ) \(z n(γ) + g ′ n(γ) + ), here 0 < n(γ) < r 2 . The constant γ is introduced in [12, p.55] and g ′ is the Lie algebra of G ′ = T Eα appearing in the construction of π θ ;
(3) µ Xπ θ n (Y ) = µ π θ ([1 + Y ] n − 1) for Y ∈ V n(γ) and n(γ) > r 2 . Here V n(γ) is introduced in [12, Definition 1.6.5];
We first establish the fact |η(X π θ )| = |η(X π θ n )|. From the beginning of [12, p.35] , by definition the following identity holds X π θ n = nX π θ .
In particular, the depth of X π θ and X π θ n are the same. Following Lemma 3.3.6 and [12, Lemma 4.2.1], we immediately get (1) .
For (2), by (1) we are reduced to show the following identity
where f (Y ) is a polynomial in Y with lowest degree given by Y 2 lying in g ′ 2n(γ) . From the definition of γ(X, w Y ) on [12, p.55], we are reduced to show the following identity γ(X π θ , w Y ) = γ(X π θ , w (Y + f (Y ))).
From [12, p.34-35] , X π ∈ g ′ −r \g ′ (−r) + , and Y ∈ g ′ n(γ) \(z n(γ) + g ′ n(γ) + ) with 0 < n(γ) < r/2. While in the integral definition of γ(X π θ , w Y ) appearing in the bottom of [12, p.55 ], the element V ∈ g s + with s = (r − n(γ))/2, therefore we only need to show the following result. Here Λ is a nontrivial additive character of the local field F which has conductor p F [12, §1.1]. We establish (3.3.4) . Note that [X, V ] ∈ g (s−r) + and [V, w f (Y )] ∈ g s+2n(γ) (here we note that the Weyl group has representatives in (GL 2 ) xα,0 , therefore its action on f (Y ) preserves the depth of f (Y )), from which we deduce [X, V ] · [V, w f (Y )] ∈ g (s−r) + +s+2n(γ) ⊂ g n(γ) . In particular tr([X, V ] · [V, w f (Y )]) lies in p F . Hence we have established (3.3.4) and therefore (2) .
For (3), in general the following Shalika germ expansion holds for µ X (Y ),
Note that when X = X π is elliptic, from [37, p.171 for any O ∈ Nil(gl 2 (F )) and Y ∈ V n(γ) . Hence we have established the property (3). It follows that we have established the proposition.
